CALABI-YAU MANIFOLDS WHOSE MODULI SPACES ARE 
LOCALLY SYMMETRIC MANIFOLDS AND NO QUANTUM 

CORRECTIONS 



ANDREY N. TODOROV 



Abstract. It is observed that there are a natural sequence of CY manifolds 
Mj that are double covers of CP® ramified over 2g + 2 hyperplanes and some 
of them are obtained from the Jacobian J{Cg) of hyper-elliptic curve Cg by an 
action of an involution of a semi-direct product of g — 1 copies of groups of order 
two with the symmetric group of g elements. This construction generalizes 
Kummer surfaces. We observed that the Kodaira-Spencer classes on the 
Jacobian are invariant under the action of the above group. They form a basis 
of (yig,T^^^ . Since on complex torus we have [4>i,4>2] = 0, then for any 
Kodaira-Spencer classes 4>l ^'nd 02 on these special CY manifolds, we have 
[01,02] = 0. From here it follows that the moduli space of those CY manifolds 
is a locally symmetric space r\§U(?i, n)/§(lU(n) X lU(n)). 
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1. Introduction 

1.1. General Remarks. In the last fifteen years CY manifolds attracted the at- 
tention of mathematicians and physicists. The influence of the ideas from String 
Theory on certain fields of mathematics were amazing. Some of the ideas led to 
the solutions of some classical problems. One such example is the applications of 
the ideas of mirror symmetry to enumerative geometry and can be considered as 
solution of one of the Hilbert's Problems. 

The motivation of writing this paper is the recent paper [5] of S. Gukov and 
C. Vafa. In [5] a problem to find CY manifolds whose moduli space contains 
everywhere dense subset of CY manifolds of CM type was posed. This problem 
is connected with the Conformal Field Theories. The Rational Conformal Field 
Theory was introduced in [4]. See also [Hj and [1^. It is expected that sigma 
models with targets CY manifold of CM type will give a Rational Conformal Field 
Theory. It was pointed out that the existence of everywhere dense subset of RCFT 
may lead to a better understanding of the Conformal Field Theory. According to 
a conjecture of F. Oort and Y. Andre, the points in the moduli space of polarized 
algebraic manifold corresponding to manifolds of CM types is dense only when the 
moduli space is a locally symmetric space. See [1], and |17j . For some interesting 
relations between the arithmetic of CY manifolds and Rational Conformal Field 
Theory see [21]. According to Satake r\l}g_g is a Shimura variety. See [20]. It is 
natural to expect that the points of r\SU((?, (?)/§(U(g) x U(.g)) that corresponds 
to abelian varieties of CM type will correspond to CY manifolds of CM type. This 
question will be addressed in another paper. 

The moduli spaces of Riemann surfaces of genus at least two are not locally 
symmetric spaces. It seems that it is very rare that the moduli spaces of projective 
algebraic varieties is a locally symmetric space. For example the moduli space of 
one and two dimensional projective varieties with zero canonical class are locally 
symmetric spaces. In dimension one the analogue of CY manifold is the elliptic 
curve, in dimension two it is the K3 surface. The moduli space of elliptic curves is 
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r£;\§lLJ(l, 1)/§(U(1) X U(l)). The moduli space of algebraic polarized K3 surfaces 
is the locally symmetric space rif3,L\§Oo(2, 19)/SO(2) x SO(19), where Te and 
^K3.L are arithmetic groups. The moduli space of abelian varieties are also locally 
symmetric spaces. 

Viehweg proved that the moduli space of polarized CY manifolds exists and it 
is a quasi-projective variety. See [24j . In general the moduli space of polarized 
CY manifolds is not a locally symmetric space. It seems that up to now only one 
example of a CY manifold is known whose moduli space is a locally symmetric 
space. The example is the Borcea-Voisin manifold which is obtained from a K3 
surface X with an involution cri without fixed points on X and elliptic curve E as 
follows: X X E/ (cTi x 172) , where 172 is the involution on E. Its moduli space is a 
product of two locally symmetric spaces. 

Dick Gross classified all possible symmetric spaces that are tube domains which 
can be period domains of Variations of Hodge Structures of CY threefolds. See [7]. 
He posed a very interesting question to find CY threefolds, whose moduli spaces 
are the list presented in [7] . 

There is a natural sequence of CY manifolds that are obtained as double cov- 
ers of CP^ ramified over 2g + 2 hyperplanes in general position. Elliptic curves 
are double covers of CP^ ramified over four points in general position. Double 
covers of CP^ ramified over six lines in general position are K3 surfaces with 15 
double points whose moduli space is isomorphic to r\SU(2, 2)/§(TU(2) x U(2)). In 
this paper we prove that moduli space of non singular CY manifolds Mg that are 
obtained from the resolution of the singularities of the double covers of CP^ ram- 
ified over 2g + 2 hyperplanes in general position is the locally symmetric space 
r\§lJ{g,g)/S{lJ{g) x lJ{g)) = r\()g_g, where F is a subgroup in the mapping class 
group which preserve the polarization class. 

Dolgachev conjectured that the moduli space of CY manifolds that are double 
covers of CP^ ramified over 2g + 2 planes is the tube domain Sg{C) + iS^{C), 
where Sg{C) is the space oi g x g Hermitian matrices and S'^{C) is the space of 
positive Hermitian matrices. So Sg{C) + iS'^{C) is the tube domain realization of 
the symmetric space f]g^g = E>V{g, g)/S{l]{g) x U(g)). 



1.2. The Description of the Ideas of the Proofs of the Main Theorems. 

The main observation of this paper is the following: 

Theorem 11. Let M g be a CY manifold obtained from the resolution of sin- 
gularities of a double cover of CP^ ramified over 2g + 2 hyperplanes in general 
position. Let and (f>2 G ^Mg, Tjjj'*'^ be two Kodaira- Spencer classes. Then 

[01,-^2] =0. 

Theorem 11 follows from the following observation: Let Cg be a hyper-elliptic 
curve of genus g > 2 such that the projection -Kg : Cg CP"'^ has the ramification 
points Ai, A2g+i and 00. We can identify J{Cg) with Pic^~^{C). The 0— divisor of 
the Jacobian of a hyper-elliptic curve can be identified with the image of S^~'^{Cg). 
Notice that S^{Cg) is obtained from J{Cg) by blowing up the subvariety of codi- 
mension two which is the image of S^~^{Cg) + 2Xi. Let us consider 2g + 2 6*— divisors 
obtained from 6 by translates by the 2n + Ipoints — 00. Notice that the 2g + 2 
0— divisors are tangent on S^{Cg) to the blown up S^~'^{Cg) + 2Xi/ 
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We observed that on Cg x ... x Cg the subgroup (Z/ 2Z)^ ^ xSg embedded into 

9 

(Z/2Z)^ K Sg as the sum of the order two elements to be zero acts. It is easy 
to see that the quotient is a double cover of CP" with ramification divisors the 
2(7 + 2 hyperplanes which are the images of the 0— divisors and are tangent to the 
image of the blown up 5"~^(Cg) + 2Ai.We observed that each vector of the basis 

^1 of (j(Cg),r](p^^) is invariant under the action of (Z/2Z)""VS'g. 
Since the fixed point set of Tg has a codimension two, then by Hartog's Theorem we 
can extend (^dzi ® | to a basis of ^Mg,T^'°^ . Thus each Kodaira 

Spencer class (f> on Mg can be written as follows: 

a Q 

where aX are constant. The definition of a (j32] implies that ^2] = for any 

(pk G ^Mg,Tj^'°j . This fact implies that the moduli space of the CY manifolds 

that are double covers of CP" are locally symmetric spaces. We will show in the 
next paper and there are no quantum corrections to the Yukawa couplings. 

Acknowledgement 1. / want to express my deep gratitude toward Igor Dolgachev 
for his remarks. I disagree with some of his suggestions and comments about other 
papers related to this one. Special thanks to Maxim Kontsevich for his useful re- 
marks. The author is grateful to Cumrum Vafa for suggesting to look for an ahelian 
variety that covers the double cover of CP" ramified over 2g -\- 2 hyperplanes in 
general position. His suggestion played an important role in this paper. The author 
wants to thank Professor Yau, Professor Kefeng Liu and Professor Lu for their use- 
ful and helpful comments and numerous discussions on this topic. Special thanks 
to Sasha Goncharov and Yu. Manin for their interest and encouragement. 

2. Moduli Spaces of CY Manifolds 
2.1. Local Deformation Theory of CY Manifolds. 
Definition 1. Let M be a complex manifold. Let 

c^ec°- (m, Horn (fiif , nl') ) = (m, Tlf ^ n^') 

then we will call (p a Beltrami differential. 

The Beltrami differential defines an integrable complex structure on M if and 
only if the following equation holds: dcj) — ^ [(f), (f)\ , where 

[0,0] := 

n / n \ „ 

The main results in [22j are the following Theorems: 

Theorem 1. Let M be a CY manifold and let {4>i\ be a basis of harmonic (0, 1) 
forms with coefficients in T^'" ofM^{M, T^'^), then the equation d(j> — ^ [4>, (j>] has a 
solution in the form: 4>{t) = 0'''"' ~'~S|/jv|>2 '^^n''""'^" and d* {cj){T)) —Q, where 
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In ~ (ii,..,ijv) is a multi-index, £ C°°(M, r2°'-^ (g) r^'°), (/)/„jcjo — dtfjij^ 

T^N = (^^lyi j^^NyM (j^n^ i/jg^g gj-js^s £ > such that (t>{T) € C°°(M,rjO'i ^ yi,0) 

/or|T*|<e fori — I,.., N. 

In [22] we proved the following basic fact: 

Theorem 2. Lei lvq be a holomorphic n-form on the n dimensional CY manifold 
M. Let {Ui} be a covering of M and let {zl, .., z^} be local coordinates in Ui such 
that u!o\ui = dz\ A ... A dz^. Then for each r — (r^, ..jT^) such that \Ti\ < e the 
forms on M defined as: 

ur\u^ := {dz\ + midzD) A .. A (dz; + 4>{r){dzl,)) 

are globally defined complex n forms lUt on M and, moreover, uJt are closed holo- 
morphic n forms with respect to the complex structure on M defined by (j){T). 

Corollary 1. We have the following Taylor expansion for the form oJt '■ 

n 

(2.1) u;.|y_ =c.o + ^(-l)'^((AV(r))^^o). 

fc=i 

(/)(t) is defined by Theorem]^ (See [22] . ) 
Corollary 2. We have 

n 

(2.2) N.('^n(T))A...</..Jr)], 

k>3 0<ii<...ik<ni 

where [uJo(n — k, k)] are forms of type (n — k, k). (See 22\.) 

Definition 2. We call this coordinate system aflat coordinate system. Let JC CC^ 
be the polydisk defined by |t*| < e for every I < i < N, where e is chosen such that 
for every t G IC , 4>(t) S C°°{M, Q^'^ (g) T^'*^), where (I){t) is defined in Theorem]^ 
On the trivial C°° family Mx/C, we will define for each t £ K. an integrable complex 
structure /^(t) on the fibre over r of the family Mx/C. So a complex analytic family 
t: : X ^ K, of CY manifold was defined. We will call this family the Kuranishi 
family. We introduce a coordinate system (r^, ..,t^) in JC as in Theorem[J\ 

2.2. Global Theory of the Moduli Space of Polarized CY Manifolds. 

Definition 3. We will call a pair (M; 71, ...,^f,^) a marked CY manifold where M 
is a CY manifold and {71, ...,7b„} is a basis of Hn(M,Z)/Tor. 

We proved in [T^ the existence of the Teichmiiller space: 

Theorem 3. There exists a family Z^— >T(Af), of marked polarized CY manifolds 
which possesses the following properties: a) It is effectively parametrized, b) For 
any marked CY manifold M of fixed topological type for which the polarization class 
L defines an imbedding into a projective space CP^, there exists an isomorphism 
of it (as a marked CY manifold) with a fibre Ms of the family Z^. c) The base has 
dimension h""^^'^. 

Corollary 3. Let y — ^.^ be any family of marked CY manifolds, then there exists 
a unique holomorphic map : — » T(M) up to a biholomorphic map ^ of M which 
induces the identity map on IIn{M,'L). 
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Corollary 4. The Teichmuller space %{M) has finite number of irreducible com- 
ponents. From now on we will denote by T (M) the irreducible component of the 
Teichmiiller space T(Af) that contains our fixed CY manifold M. 

Definition 4. We will define the mapping class group T(M) of any compact CP° 
manifold M as follows: T{M} = Diff+{M)/DiffoiM), where Diff+[M) is the 
group of diffeomorphisms of M preserving the orientation of M and Dif folAf) is the 
group of diffeomorphisms isotopic to identity. Let L £ H'^{M,T,) be the imaginary 
part of a Kdhler metric. Let T l {4> € T (M)\(f){L) ~ L}. 

It is a well know fact that the moduli space of polarized algebraic manifolds 
M^(M) = T(M)/r;^. In [13 the following Theorem was proved. 

Theorem 4. There exists a subgroup of finite index T of such that T acts 
freely on the component T(M) of the Teichmiiller space T(Af), stabilize T {M) and 
T\T [M) — OTTl (-^ is 0, non-singular quasi-projective variety. 

Remark 1. Theorem\^ implies that we constructed a family of non-singular CY 
manifolds tt : A" -^OT^ (Af) over a quasi-projective non-singular variety '^^{M). 
Moreover it is easy to see that X cCP x 9JIl (M) . So X is also quasi-projective. 
From now on we will work only with this family. 

3. Variations of Hodge Structures 
3.1. Basic Definitions. 

Definition 5. Let Ag be a free abelian group on which a bilinear form { ,) g is 
defined and (ei,e2)„ = (e27ei)„ . The Hodge Structure of weight n is a de- 

composition Ag (g) C = TfP''^ , where H^''^ = H'^^p and the restriction of the 

p+q=g 

bilinear form { , ) on H^''' has the following properties: 

(3.1) Hr^(-i)'^Kij)^>o, 

For oj G iJP'^ and lji G i^Pi^^i for p ^ qi and p ^ qi we have {lu,lui) ^ = 0. 
Remark 2. The Hodge Structure of weight n defines a Hodge filtration on Az C.' 

(3.2) F° c F^ c ... C F3 ^ Ag(g>C, 

where F'^ ^ H^-i. The Hodge filtration is isotropic: (Fi)^ = F^-i-^ and 
p+<i=g,<i<k 

HP''' — FPnF3~P'P . Once we have an isotropic filtration, then we have the following 

9 

Hodge decomposition Ag C = HP'I = ^FP n 

p+q=g p=o 

Definition 6. Let p : 7ri(J7) — )■ Aut{Ag) be a representation of the fundamental 
group TTi(U ) to Aut{An). Suppose that G preserves the bilinear form ( , ). Let n : 
He = Ag(8)C — *■[/ be the flat vector bundle associated with the above representations 
of'Ki{U). Let F^ C F^ C ... C F^ = Ag(^<C be an isotropic filtration which depends 
holomorphically. We will say that the representation p defines a VHS of weight n 
over U if the flat connection V defined by the representation p satisfies Griffith's 
transversely condition: 

(3.3) V : FP ^ FP-' f]^ 
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and Ag ® C =0FP n = Hp^i, where RP''^ = F« n F^"^ We defined 

p=o p+q=g 
the Variation of Hodge Structure (VHS) of weight g over the complex manifold U . 

3.2. Moduli of VHS. The moduli spaces G5g of the VHS of weight g is described 
as follows; Let 6g(M) be the set of all filtrations (|3.2p in Ag ® C defined such that 

® ppn F^^'^ = e RP '^ = Ag(E)C, 

p+q=g P+q=9 

have fixed dimensions hP^'^ and the filtration is isotropic. Then the moduli space 
©g(M) = G/Ki, 

E>p{bg) for g = 2m + 1 

§0(mi,m2), for g = 2m, ' 



(3.4) G 



where mi — /i^''', mi + mi — 2m and 

p—2k , p<m 



(3.5) Ki = < 



J|U(/iP'«) for 5 = 2m +1 

Jl V>{hP-i) J X SO (?7i) , for 5 = 2m. 

\p<m / 

Over C5g(M) = G/Ki we get the universal variation of Hodge structure 

(3.6) C C ... C = i/g X 0g = (Ag «) C) X ©g 

of weight g such that it satisfies p.Sp . 

If i/g = Ag (g) C — > [/ is a VHS of weight n over C/, then there exists a map 
p : [/ — > (5„ such that the VHS ifg = Ag (g) C L/ of weight g over U is the 
puUback of the universal VHS (|3.6p of weight g. The map p will be called the 
period map. 



Remark 3. From the definition of G given by and the Definition o/Ki given 
by (jff.5p it is clear that we have Ki C IK where K is a maximal compact subgroup in 
G. The compact subvarieties g(K/IKi) C G/Ki are complex subvarieties for each 
geG. 

3.3. §U(g,5)/§(U(g) x Vig)) and VHS of Weight .g-Flat Coordinates. Let 
V :— C^^ be equipped with a Hermitian metric 



q{z,z) := z^z^ + ... + z^^ - z3+^z9+'^ - ... - z^^ z'^a , 

The Group that preserve q{z,z) with determinant 1 is defined to be SU{g,g)). The 
elements of SU(.g; g)) and its maximal compact subgroup §(lLJ(.g) x V{g)) are defined 
as the set of all 2g x 2g matrices respectively: 

/A 

(?)' 

where A and B are elements of l]{n) such that det(A) det(i?) — 1 and the matrices 
(rj) satisfy /„ - (r]) x "(^* > 0. We define 

f,g,g := §U(.g,.g)/§(U(g)xU(g)). 
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Theorem 5. Let us consider 

(3.8) Vg^g ■= [z = (r*)| l<i,j <g such that (/g - Z x Z*) > o| . 

Then A. Vg^g - ^g,g 1= SU (ff , g ) / S ( U ( .9 ) X U(.g)) and C Grass (5,25) . 

Proof of A: Let H2g be a real 2n dimensional vector space. Suppose E2g '■— 
H2g 'Si C has a Hermitian metric q{z,'z) of signature {n,n). 

Lemma 1. Let E2g ~ Eg ® Eg such that q\Eg > and gj^g- < 0. Then there is 
one to one map between f)g g and all subspaces Eg C £'23 of dimension n such hat 

q\E, > 0. 

Proof: SlU(f/, g) acts transitively of all oriented subspaces Eg of dimension g such 
that h\E > 0. The stabilizer of a fixed splitting Eg © Eg such that q{z,^)\E > 
and (7(2;, z)|-g- < is S(U((7) x V{g)). Lemma[l]is proved. ■ Part A of Theorem[5] 
is proved. ■ 

Proof of B: Theorem [S]B follows directly form the description of the elements 
of §U(n,n)) and its subgroup S(U(g) x lJ{g)) given by (|3.7p and since t)g g := 
§U(g,.g)/§(U(5) xU(5)). ■ 

Theorem 6. There exists a representation ofSU{g,g) to §p(4(7,IR) and 

l)g,g Sl]{g,g)/S{l]{g) x l]{g)) C f)4<, := §p(4g)/U(2.g) 

is a totally geodesic complex submanifold. 

Proof: One needs to construct a representation Shg^g of §U((7, g) into a real ig 
dimensional space H^g such that §U(5, g) preserve a skew symmetric non degenerate 
form ( , ) 4g on Hig. The representation Shg^g defines an embedding 

p : i)g,g = §U(<?, <?)/§ (U (.g) X U (<?)) C l)ig = Sp{Ag)/V {2g) . 

Such a representation is constructed in [20] . ■ 

Definition 7. The symmetric domain [)2g = Sp{4:g) /SU {2g) = (&i{2g) is the mod- 
uli space of all VHS of weight one with h^''^ = 2g. Thus the embedding 

p : i)g,g = §U(<?, <?)/§ (U (.g) X U (<?)) C = Sp{4g)/V (25) . 

induces a VHS of weight one over i)g,g. Let us denote it by Vg.gi^)- The realization 
0/ Vg,g(l) is the following: Let H2g (8 C = E2g = Eg(B Eg be a fixed 2g dimensional 
vector space with the Hermitian bilinear form q(z,z) of signature {n,n) such that 
Eg\q(z,-) > and Eg\g(^z,z) < 0. Let E2g x [)g_g ijg^g be the trivial 2n bundle. The 
action ofEil]{g,g) on E2g and i)g^g defines a vector bundle iVg^g : £g [}g,g where 

T^g,l{h) ^h{Eg)= Hl'°^^ and Eg = E2g X f)g,g ^ f)g^g. 

Definition 8. Let us define VHS A^Vg^g(l) over t)g^g as the g exterior power of 
the VHS 0/ Vg.g(l) of weight one. 

Remark 4. The bilinear form ( , on A^i?2g defined by the VHS A^Vg,g{l) over 
\)g^g is the n exterior power of the skew symmetric bilinear form Imq — ( , on 
H2g associated with Vg,g(l). Then the symmetric space 

f)g,g §U(.g,g)/§(U(5)xU(g)) 

is the moduli space of the VHS A^Vg^g(l) of weight n. 
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4. Basic Facts about Jacobians of Hyper-Elliptic Curves 

4.1. Jacobian of Hyper-Elliptic Curves and the 0— Divisors of Hyper- 
Elliptic Curves. 

Definition 9. Let Cg he any projective algebraic curve of genus g. We will define 
the Jacobian J{Cg) of Cg as follows: 



where Di ^ D2 iff there exists a meromorphic function f on Cg such that Z?i — Z?2 = 
(/) , where (/) is the divisor which consists of all zeroes and all poles with their 
multiplicities with a sign minus of the poles of a meromorphic function f on Cg. 

Another equivalent definition of J{Cg) is the following one: 

Definition 10. J{Cg) is the set of all line bundles Oc (D) , where D is a divisor 
of degree zero modulo isomorphism. 

It is a well known fact that the line bundle [Di) is isomorphic to Oc^ (-D2) 
if and only if Di — D2 — (/), where / is a meromorphic function on Cg. 

Definition 11. LetCg be a curve of genus g. LetuJi, ...,U!g be a basis of H'^ (C, fip) 
and 71, ...,72g be a basis of Hi (C, Z) . Then we define the period matrix V 



with g rows and 2g columns. It is easy to see that we can choose the basis lui, ...,LUg 



J{Cg) := {D\D is a divisor, degD = 0}/ 



(4.1) 





{A,,Aj) = {B,,Bj) = and {A„Bj) = (5^ 





where the matrix (zij) is the symmetric matrix Zg that appears in ( |^.^[ ) . 
Definition 12. There is a natural map pg : (Cg) — > J{Cg) given by 




oc 



00 



(4.3) 



Pg {xi,...,Xg) 



e J{Cg). 



X 



X. 
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We will need the following Theorems [7] and [8l 

Definition 13. Let Cg he a curve of genus g. We will define Pid" {Cg) , as the set 
of all line bundles Ocg (D) such that deg D — r, modulo isomorphism. 

Theorem 7. Let po be a fixed point on Cg . The map 

P ^ Oc.ip) ^ Oc,i~Po) 
defines an embedding: Cg C Pic^{Cg). Let pi, ...^Pk, 9i, Qk be points on Cg. Then 

k k 

there exists a meromorphic functions f such that (/) = ^^Pi — ^^^Qi, "if o,f^d only 



i=l 



= e C9. 



4.2. 6'— Functions and Divisors in the Jacobians of Hyper-ElHptic Curves. 
Definition 14. Let 6i, Ek G {0, 1}, j/, k — ■■■,g- We will define 





' <5i " 










, e = 






. ^9 . 







and 



(Z, Zg 



E 



exp < TTt 



Zg [rn 



where z G 



C J{Cg) is defined as follows: 
\S1 



Z e J{Cg) 



(Z, Zg) = 



Let Ai, A2g+2 be the ramification points ofCg. We will define the 2g + 2 divisors 
6i as the the theta divisor 6 and 2g + 1 divisors (Tx;-oo)» (^[q]) obtained by the 
translation of the d— divisor 9 ['^'\ by the 2g + l points of order two Xi — oo on J{Cg). 
It is clear that 



(4.4) 



e., := { (ai 



g-i + Ai)| ai £ Cg} . 



It is proved by Riemann that 6'[^] is a divisor in J{Cg). The divisor 6* [[J] is called 
the 0— divisor in J{Cg). See [3], Chapter 4. 

We will give another definition of the Theta divisors Oi based on Theorem El 

Theorem 8. J{Cg) is isomorphic to Pic^~^{Cg). See [3], Chapter 4- 

Definition 15. Let iTg : Cg CP' be a non-singular hyper- elliptic curve of genus 
g > 3 given by y'^ = F2g+i (z) and Pg : S^iCg) J(Cg). Let Ai,...,A2g+i G C 
he the zeroes of F2g+i (z) = and ^2g+i('^i) 0. Then the ramification points of 
■Kg are Ai,...,A2g+i and oo. We define the Ooo — divisor in J{Cg) as the image of 
S-s-i {Cg) in Pic3-^{Cg) as follows 

OoO := Pg {S<^-^ [Cg)) ® OC, (oo) C J{Cg). 
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We define 9i he the divisors in J{Cg) defined as follows 
e., Pg (5^-1 {Cg)) ® Oc, (A.) . 

Remark 5. We have 

(4.5) n Pg {s^-^ {Cg)) ® Oc, {K) ® Oc, (A,) . 

Theorem 9. Let Cg he a hyper- elliptic curve of genus at least two. Let S^{Cg) he 
the symmetric g*^ power of Cg. Then {Cg) is ohtained from J {Cg) hy blowing 
up the non-singular suhvariety S^~^ {^g) ® ^C, (2Ai) . 

Proof: TTg : Cg ^ CP^ is a double cover ramified over 2g-\-2 points Ai, A2g+i 
and oo. Thus we get that 

dimc-ff" {Cg,Oc, {2X^)) = dimc-ff" (CP\Ocpi (^o)) = 2. 
On the other hand we have 2 A.; •-^ 2Xj. So 

2g+2 

f]e,^Pg {S^-' {Cg) ® OC, {2X,)) = ... = Pg (5^-^ {C g) ® ( 2 A, ) ) . 

1=1 

These two facts imply Theorem [9l ■ 

Remark 6. The definition of the theta divisors and its praimages Pg^ {Oi) in 
{Cg) implies that we have 

(4.6) p~g^ mr\p-g^ {9,) = p~^ {9, n 9j) = S^-^ {Cg) ® A, ® A,. 

Definition 16. Let {Cg) be obtained hy blowing up first the codimension two sub- 
manifold Pg {S3^^ {Cg) (g) Oc, {2K)) = Pg (s^^^ g) ® Oc, {2Xj)) in J{Cg) and 
then all possible pj^ {9i) C^P^^ (^j); where 

Pg : SS{Cg) ^ j{Cg). 

Remark 7. We see that we have the following geometric picture in {Cg); Let 
Pg : S3 {Cg) —^ {Cg) hc tkc holomorpMc blown down map. Then we have 2g + 2 
non-singular divisors P~^ (Pg ^ (^0) intersecting into (^^2'^) non-singular divisors 
Pg^ {Pg^ {9i n 9j)) and all 2g + 2 divisors are tangent to the divisor S*^^^ (C'g) (8" 
Ocg (2Aj) . We have exactly the same configuration as Hi, Hi D Hj.The last two 
fact implies Lemma \Tl\ ■ 

5. CY Manifolds that are Double Covers of CP^ Ramified over 2g + 2 
Hyperplanes in General Position and Symmetric Powers of 
Hyper-Elliptic Curves 

5.1. Basic Construction of CY Manifolds that are Double Cover of CP^ 
Ramified over 2^ + 2 Hyperplanes in General Position. 

Definition 17. Let Hi, i?2g+2 he 2g + 2 hyperplanes in CP^. We will say that 
Hi are in general position if any different g hyperplanes intersect transversely in 
one points and any different g + 1 do not intersect. 

Theorem 10. Let Hi, i?2g+2 be 2g + 2 hyperplanes in CP^ in general position. 
Let us blow up the {^^2^) different intersection Hi D Hj on CP^ and denote them 
hy Hij , denote the blown up space hy CP^ . Then there exists a CY manifold that is 
a double cover Mg — > CP^ ramified over the disjoint union of Hi. 
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Proof: Let us consider the line bundle Of 



/2g+2 \ 

I Hj I . Since as a class oi2g~2 



class of homology is homological to 12H and CP^ is a simply connected manifold, 
then we have 

/ 2g+2 \ 

E + E^' n U O^, {12H) . 

\ 1=1 Kj J 

Now we can define a map of the line bundle 
Oct. 



\ 



2g+2 

= 1 i<3 



I 23+2 \ 

to ^ Hj + ^-ffi n Hj by taking the map of the fibre t t'^. Then the 

\ i=l i<3 J 

2g+2 

praimage of the section cr whose zero set is Hj + "^^Hi n Hj will define a double 

j=l i<j 

cover M„ over CP® ramified over all Hi and HiDHj. Then direct computation using 
the adjunction formula shows that is a CY manifold. ■ 

5.2. CY Manifolds that are Double Covers of CP® Ramified over 2g + 2 
Hyperplanes in General Position and Covered by the g*'* Power of A 
Hyper-Elliptic Curve Cg of Genus g.. Let Cg be a hyper-elliptic curve of genus 
g. Then the cover 

CgX...XCg ^ S^iCg) 

^ ^ ^ 

9 

I I 

Pg X . . . X Pg SS{P9)=F9 
9 

will be a Galois cover with a Galois group the semi-direct product (Z/ 2Z)® k Sg. 
Let 

(5.1) 7V= (Z/2Z)®"V S-g c (Z/2Z)® K 5*3 
be subgroup defined as follows: 

(5.2) |(ai,...,ag) \a^ E Z/2Z ,^0; = o| x Sg. 

Theorem 11. Let Cg be a hyper- elliptic curve of genus g > 2. Let N be the subgroup 
isomorphic N — {Z/ 2Z)® ^ k Sg and embedded into (Z/ 2Z)® x Sg by (|5.iip . Then 

CgX...XCg / N=Mg^s 



a 



is a CY manifold which is a double cover of CP ramified over 2g + 2 hyperplanes 
in general position. 
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Proof: Since is a subgroup of index two in (Z/2Z)^ k Sg and 

(5.3) Qg-.CgX ... XCg^ CgX ... XCg / (I j llf XSg= CP^ 

9 9 

be the quotient map. Then there exists a holomorphic double cover 

(5.4) TTg : Cg X ... X Cg I N = Mg,^ CgX ... X Cg^ (Z/2Z)^ Sg= CP^ . 

9 a 
Lemma 2. Let us consider 

iZ/2Zy x Sg/iZ/2Zy^ ^ Sg^ Z/2Z. 
Since (Z/ 2Z)^ x Sg acts on Cg x ... x Cg, then Z/ 2Z acts on 



Mg^S = CgX ... X Cgy/ N = CgX ...X Cg^ (Z/2Z)''"^ X Sg. 

a a 
The ramification divisor R of the action of Z/ 2Z consists of 2g + 2 hyperplanes in 
CP^ which are the images of the 2g + 2 divisors Xi x Cg x ... x Cg, i = 1, ...,2g + 2 

under the map 

Cg X ... XCg-^ CgX ... XCg j (Z/2Z)^ ^Sg= CP^ . 

9 



Proof: The definition of the action of iV and (Z/ 2Z)^ x Sg on 



Cg X ... X Cg 



a 

imply thatZ/ 2Z = (Z/ 2Z)^ x Sg/ N fixes a divisor 

{D := {ai,...,ag)} C Cg x . . . x Cg j N 

a 

if and only if say Og = Xi, and is a Wierstrass point on C„. This implies that the 
ramification divisor of 

Mg,s = CgX ... X Cg I N ^ CgX ...X Cg j {JL j 2Tf xSg= CP^* 

9 9 

consists of the images of the 2(7 + 2 divisors XiXCg x ... x Cg'vaCg x ... x Cg. Since 



9-1 9 

the 2(7 + 2 points are different in CP"'^ then the images of 

Aj^ X Cg X ... X Cg 



9-1 

for fc = \,...,g and A^ different points intersect into the image G'(Aii , A^^ ) £ 
CP^ of the point (A^^ , A^^) by the map (|5.3p . Any 5 + 1 different divisors A^^ x 
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Cg X ... X Cg in Cg X ... X Cg do not intersect. So we get that the ramification 

s-i a 

divisor of the double cover l|5.4p is the union of 2g + 2 hypcrplancs that arc the 

images of 

X Cg X ... X Cg 



S-1 

in (CP^) = CP^ and they are in general position. So Theorem [10] implies 
Theorem [m ■ 



6. Deformation Theory 

6.1. Jacobians of Hyper-Elliptic Curves and Locally Symmetric Spaces 
as Moduli of CY Manifolds. 

Theorem 12. Let Cg be a hyper- elliptic curve of genus g > 2 and 

Mg^S =CgX...XCg / N 



a 

be a CY manifold constructed by Theorem Let Mg be the minimal model of 
Mg,s. Then for any (/ii, 02 G (^-^a^'^lf^ have 

(6.1) [01,02] =0. 

Proof: Let J{Cg) = C^/ A. If (z^, ...,z^) are linear coordinates, then 

dz^ , dz9 

will be globally defined anti-holomorphic (0, 1) forms on J{Cg) ~ C^/ A and there- 
fore on J{Cg) — U dij. By the same arguments we get that 

l;^-^<i!^2(;+2 

d d 

dz^ ' ' dzo 

are globally defined holomorphic vector field on J{Cg) ~ C^/A and therefore on 
J{Cg)- U 

According to Theorem [9] we have 

-^(^^^ - 1<V^<2 J^' ^ " l<-.^<2 +2^^"' ^ ■ 

l<i<]<2g+2 l<i<'j<2g+2 ^ 

Let 

n : Cg X ... X Cg ^ Cg X ... X Cg I = S^Cg), 

a a 
be the natural map. Let us consider Cg x ... x Cg — Rg, where 



i?g = n- 



( u p-^ (Oj n 9j)] 

\l<i<]<2g+2 f ' -"J 
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We have a natural etale map 



$g : X ... XCg~Rg^ \ C g X . . . X C g - Rg \ / N, 



(6.2) 
where 



CgX...XCg-Rg \ / N^Mg- \J H^HH, 

^ ' J I 0<i<j<23+2 

Lemma 3. Since the tangent bundle of J{Cg) is trivial we can choose a basis of 
g holomorphic forms dz^ and g holomorphic vector fields g|j on J{C'g) and thus a 
basis 



(6.3) ^-^«^h^'(^(^«)-,<,:.H2„.^'^.nc,K u 



l<i<j<2g+2 



l<i<j<2a+2 



Let us consider the map: 



Pg-.CgX ... XCg-Rg^ S ^ {C g) ~ U ' {9, H 6,) 



j{Cg 



u 



l<i<j<2g+2 

defined by the action of the symmetric group Sg. Then there exist a basis of g^ 
invariant Kodaira- Spencer classes on Cg x ... x Cg — Rg, 



Cg X ... X Cg Rg , T , 



V 



Cj g X ... X Cg—Rg 



\ 



invariant under the action of the group N ~ [TLj 2Z)^ ^ x Sg defined by \5.1\ and 
Proof: Let {dz*} be a basis of holomorphic one forms on J{Cg). Let 

Pg : Cg X ... X Cg > J [C g) . 

a 



Then we have P* (^dz^^ — ^^tt^ ^c?z*^ , where tt^ is the projection operator 



of 



k=l 



Cg X ... X Cg onto k component Cg^k- 



Let (Pg)^ (dzj") dual meromorphic field to to holomorphic one forms 

Pg (dz*) . Since P* (dz*) is an invariant form under the action of the symmet- 
ric group Sg and have no zeroes on Cg x ... x Cg — Rg, then (Pg)^ (rffi) 
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invariant holomorphic vector fields on Cg x ... x Cg ~ Rg. Then 

g 

will be a basis of g"^ linearly independent Kodaira- Spencer classes on Cg x ... x Cg 



a 

Rg which are invariant under the action of the symmetric group Sg. The group 
N = (Z/ 2Zy^^ xSg by its definitions (f5Tl) and ([O]) is generated by 5 - 1 hyper- 
elliptic involutions dg and the symmetric group. The holomorphic 1— forms 
and {gfy} on Ss{Cg) satisfy 

(6.4) {agT (d?) = -d? and (a,)^ ^ 

Then ()6.4p implies 

(6-5) K)* (p; (d?) « (P.), (^)) = p; (d?) « (^) . 

So (|6.5p implies Lemma [3] . ■ 
Lemma 4. Lei 

$g : Cg X ... X - i?g ^ Cg X ... X Cg - i?g / TV Mg - U 77^0 Hj 



l<i<j<2g+2 



a a 
he the quotient map constructed by the action of the group N by Theorem ] 111 Ae- 



on Mg 



cording to Lemma P* ^dz*^ (g) (Pg)^ (dfj") '^^^ Beltrami differentials 

U Hi D Hj, invariant under the action of the group N of index two in 

l<i<j<2g+2 

(Z/2Z)^ X Sg. Let 

(6-6) {%l {P; (^)) ^ [(Pa). (^)) 

be the basis of the Kodaira- Spencer classes on Mg — U Pg (Oij) . Then this 

l<i<j<2g+2 

basis can be extended to antiholomorphic (0, 1) forms{0, 1) with coefficients in the 
holomorphic tangent bundle on Mg and thus as a basis of (^Mg^T^f^ . 

Proof: The (0, 1) forms c?z' (g) g|j with coefficients in the holomorphic tangent 
bundle of J (Cg) — U 6ij are invariant under the holomorphic involution Ug. 

Therefore 

d 



i%l [P; [d^^) ^ (Pa). 
are well defined Kodaira-Spencer classes in 

\ l<l<J<2g+2 S l<i<j<2g + 2 ' 

Since the subvarieties Lli n Hj have codimension two, P* ^dz*^ (8) (Pg)^ (rfli) 
invariant under the action of N. Therefore they are well defined (0,1) forms with 
coefficients antiholomorphic functions and holomorphic vector fields. Since they 
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are defined outside codimension two U Pg {6ij) in Mg, then by Hartogs 
theorem 

can be extended from Mg — U Pg {Oij) to Mg. Thus we obtain hnearly 

l<i<j<2g+2 

independent anti-holomorphic forms with coefficients holomorphic vector fields 

d 



Since dime i?^ [Ug^Tlf^ = then 



is a basis of H 



Lemma 5. Let (pu £ [Mg, T]f^ for k ^ I and 2. Then [01, 02] = 0. 



Proof: Since ® 377 1 is a basis of Kodaira-Spencer classes on the Jacobis 
Jg{Cg), then 

% (^) « iP.). 



form a basis of f Mq — U HiC] H^^Tlf' ) . Then any Kodaira-Spencer 

V ^ l<i<j<2g+2 * J' J -F 

classes Sh, fc = 1, 2 on Mq — U HiC] Hi can be expressed as 

l<i<j<2g+2 



(6.7) 0fe - E "ffc ( (*^/)* ( (^^0 ® ^P^) 



i.m—l 



where a| ^ are constants. Since Hi n have codimension two, we can extend 0fc 
on Mg. So from ()6.7p , since the coefficients of the (0, 1) forms are antiholomorphic, 
the vector fields are holomorphic from the definition of [0i, ^2] we get that 
(6.8) 

['^i'^^]- \^^^'^9)^\^l\^^^-^,.2-^))^ 

since a™, are constant, then we get that on Mq — U i?i n Ha 

) o a l<i<j<25+2 

(6.9) ^ a_l ^ Q_ 

Then Ji;!]) and (US]) imply that [^i, 02] = holds on Mg - U Pg (%) . By 

l<i< j<2(/+2 

Hartogs Theorem we have that P* ([0i,02]) = on J(Cg) and on 5^ (Cg). This 
implies Lemma [5] I 

Lemma [5] implies Theorem [T2l ■ 



Corollary 5. Let Mg he a CY manifold which is a double cover o/CP^ for g > 3. 
Then the Hodge numbers of M are h^-P-P = (^^ and 62 = C^^'^) + 1- 
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6.2. Moduli space OJli.g (M) of polarized CY manifolds that are double 
covers of CP^ ramified over 2g + 2 hyper planes is a Locally Symmetric 
Spaces. 

Theorem 13. The moduli space ^L,g (Af) of polarized CY manifolds that are 
double covers of CF^ ramified over 2g + 2 hyper planes is a locally symmetric space 

Proof: The proof of Theorem [13] is based on the following Theorem due to Eli 
Cartan: 

Theorem 14. Suppose that X is a quasi projective variety. Suppose that on X 
there exists a metric g such that its curvature tensor satisfies Vi? — 0. Then X is 
a locally symmetric space. 

Lemma 6. The curvature tensor R the Weil- Peters son metric on the moduli space 
^L,g (M) of polarized CY manifolds that are double covers of CP® ramified over 
2g + 2 hyper planes satisfies V R = 0. 

Proof: The proof of Lemma[6]is based on the following Theorem proved in [22]: 

Theorem 15. Let ojr be the family of holomorphic forms constructed by Theorem 
[^ and locally expressed by ^2.1^ . Let 

(6.10) := (-1)"^ (^^J JcUrAU^. 

Then log ^||ti^r||L2^ is a potential of the Weil-Petersson metric, i.e. 

(6.11) dd" log {\\LJr\\i2^ = ln\{W.-P.). 

We will need the following Proposition, which is reproduced from 

Proposition 1. Let {-Df} be a covering of Mg, {zl,...,zf) be a coordinate system 
in Df such that 

ujMg{n,0)\^g = dzl A ... A dzf . 

According to Lemma^ 

{(*,). (p;(5?«^))} 

is a basis of (^MT-,Tlf^ . Let us consider 
Then 

{dz} + m {dz} + A ... A {dzf + 0(r) {dzf)) c^olz,. = 

g 

(6.12) =g(-l)^ rj^i x...xr;>,,,„.....,,,,(g-fc,fc), 

A:=l ^<il,jl<g 

where 
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d 



Proof: Corollary [5] implies that 



(6.13) 

■,3<g 



l<i,i<q ^ ^ ' ' 



Proposition [T] follows directly from (|6.13p , Theorem [2] and formula (|2.ip imply 
Repeating the computations of [22] by using formulas (|6.10[) and (j6.12p we get 

|kr|lL2 = I^oIIl^ + 

(6.14) _ 

where 

(n-/c,fc),u;„i/3i,....,a,/3fc {n-k,k)) = 



(6.15) (-1) 2 ( ) / (^-^>fc)^W"i/3i,....,afc/3, (n-fc,fc). 



Mn 



Formula (|6.1ip implies that the components g^^ of the Weil-Petersson 



metric are expressed as follows: 

dHog{\\u;^\\l) 



(5 16) Q. . -. — ^ = ,5. . . — : -R . -. — ^. . — ^T^^ +Of4) 

V"- "J i'lki]k-i,'.k2Jk2 ifciJfci ,1)02^*2 3 '■ki3kj^,tk23k2^'tk3Jk3,'-k4^3ki ^k^^k^ ^ ' ' 

where — ^ — „ 5 — ^ — is the curvature. Formula (16.161) implies that in the 

^ki3ki,lk23k2^^k33k3,^kiJki ' " * 

coordinates rj , the Levi-Cevita covariant derivative of the Weil-Petersson metric in 
directioug^ of a fixed point is given by 

Since in the expression (|6.16p we do not have terms of order three, then 



(6.17) V^R. 



ik-iik2-Jkijk2 ^ik^ik^^jk^jki 



= 0. 

r=0 



Since the expansion (|6.16p holds for any point r in OT^ (M-g) ■> then we get that 
Vi? = 0. Proposition [1] is proved. ■ 

Proposition [1] and Theorem [14] imply Theorem [13] . H 
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7. Final Remarks 



7.1. Some Comments about Miles Reid Conjecture. M. Reid conjectured 
that the moduh spaces of polarized CY threefolds is connected. He suggested that 
one can connect the CY tliree-folds by degenerating them to CY threefold with 
conic singularity and then deforming the non-singular CY three-fold obtained by a 
small resolution of the conic singularity. It is easy to see that the CY non-singular 
varieties Mg that are obtained from the double cover of CP^ ramified over 2g + 2 
hyper-planes in general position do not contain rational curves with a normal bundle 
^cpi ffiCcpi ■ This implies that the moduli space of the CY manifold Mg 
is "extremum" in the conjectured connected moduli space of all CY three- folds. Mg 
is obtained by degeneration of a CY hypersurfaces in a weighted projective space 
CP^ (2:1:...: 1). 

7.2. The List of Tube Symmetric Domain, which can Parametrize Varia- 
tion of Hodge Structure of Weight Three Coming from a CY Manifold. 

In his paper ^Z,, D. Gross classified all symmetric tube domain which possible can 
parametrize Variation of Hodge Structure of weight three of possibly CY threefold. 
In this paper we realized the Hermitian tube domains described in [7]. It seems 
that it is a rather difficult problem to realize the rest of the two tube symmetric 
domain as Variation of some geometrically realized CY manifold. 

It seems that if the symmetric spaces in the list of Gross can be realized as 
Teichmiiller spaces of CY three-folds, then they should not contain rational curves 
with a normal bundles Ocpi © C>£pi (—1) . This follows from the arithmetic 
groups that are candidates of the image of the mapping class groups in the middle 



of the conic singularity. 

7.3. Conjectures. It is easy to see that Weil-Petersson metric on the moduli space 
of the CY manifolds Mg is a complete metric since it coincides with the Bergman 
metric. See also [H]. It is a natural question to ask if the completeness of the 
Weil-Petersson metric implies that the moduli space is a locally symmetric. 

Different conjectures about CY manifolds that have locally symmetric spaces as 
moduli, can be reviewed [2]. 
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